This paper investigates the structure of general affine subspaces of ( )
Introduction
In this case, we say that Φ generates the affine subspace X. An affine subspace, which does not contain any non-zero reducing subspace, is called purely non-reducing. By Theorem 3.1 in [1] , a closed subspace X of ( ) L  is a reducing subspace if and only if it is shift invariant. So far, the study of reducing subspaces has achieved fruitful results. The existence and construction of wavelet frames for an arbitrary reducing subspace can be seen in [2]- [7] . For one-dimensional case A = 2, Gu and Han investigated the existence of Parseval wavelet frames for singly generated affine subspaces in [8] and the structural properties of affine subspaces in [9] . For a given d × d expansive matrix A, Zhou and Li studied the construction of wavelet frames in the setting of finitely generated affine subspaces of ( ) 
Proof. We only prove 1) since 2) can be obtained similarly. Since { } : n X n∈  is increasing, the first equality is obvious and 
.
The proof is completed.  Proposition 1. Suppose that X is an affine subspace of ( ) 
Similarly to the proof of Proposition 2.2 in
[10], we know that Y is a reducing subspace. Now define
by Lemma 2 and ( ) 
Proof. 1): Obviously, DQ X ⊂ is shift invariant space since Q is shift invariant. So DQ Q ⊂ due to the fact that Q is the maximal shift invariant subspace contained in X. Thus Q DQ  is a shift invariant subspace contained in X.
2): By 1) and Lemma 2, it follows that 
The proof is completed.  Proposition 3. Let X be an affine subspace of ( )
L  , and define
Proof. We first show that
Next we will show that k T f X ∈ by contradiction. If there exists some 0 
For the other direction, without loss of generality, 
. Then the following hold:
Proof . : :
2): Since Q is shift invariant and
By the definition of V, we have
, then X Q = , which shows that X is shift invariant. Thus X is a reducing subspace.
3): By 1) and 2), we have
The proof is completed.  
Proof. Let M be a shift invariant subspace contained in Y X  . By Lemma 3 and the maximality of S as a shift invariant subspace in Y, we have M Q S ⊕ ⊂ . Note that 
Proof. According to Proposition 4, ( ) 
Y X S V
due to the fact that ⊂     is equivalent to ⊂     for a given Hilbert space  with its two subspaces  and  . Also by Lemma 4, we have
. 
